IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Local first integrals for systems of differential equations

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2003 J. Phys. A: Math. Gen. 36 12243
(http://iopscience.iop.org/0305-4470/36/49/007)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.89
The article was downloaded on 02/06/2010 at 17:18

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/36/49
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

INSTITUTE OF PHYSICS PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND GENERAL

J. Phys. A: Math. Gen. 36 (2003) 12243-12253 PII: S0305-4470(03)67294-X

Local first integrals for systems of differential
equations

Xiang Zhang

Department of Mathematics, Shanghai Jiaotong University, Shanghai 200030,
People’s Republic of China

E-mail: xzhang @mail.sjtu.edu.cn

Received 4 August 2003
Published 25 November 2003
Online at stacks.iop.org/JPhysA/36/12243

Abstract

The main purpose of this paper is to provide some sufficient conditions for
a system of differential equations to have local first integrals in a certain
neighbourhood of a singularity. Our results generalize those given in Kwek
et al (2003 Z. Angew. Math. Phys. 54 26) and Li et al (2003 Z. Angew. Math.
Phys. 54 235).

PACS number: 02.30.Hq
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1. Introduction and statement of the main results

Investigation of first integrals for systems of differential equations is a classical and vigorous
work in the fields of both mathematics and physics. There is much research related to
the integrability, partial integrability and nonintegrablity of differential systems (see, for
instance, [3, 4, 6-19]). In those papers, combining the algebraic geometry, algebraic topology,
differentiable manifold and singular analysis the authors developed many methods, such as
Painlevé analysis, Colemmen embedding, Ziglin theory and so on, to solve some kinds of
integrability problems.
We consider the following autonomous differential systems:

% = F(x) X=(xX1,...,%) €C" (1)

where F is a vector-valued analytic function of dimension » satisfying F(0) = 0, i.e. 0 is a
singularity of system (1), the dot denotes the derivative of x with respect to the time variable 7.
As usual, C is the field of complex numbers. If F(x) is a vector-valued formal series, system
(1) is called a formal system. Generally, system (1) can be written as

x = Ax + f(x) X=(x1,...,x,) €C" )
where A is the Jacobian matrix DF(0) of the vector field F(x) at x = 0 and f(x) = O (||x||?).
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Poincaré [16] in 1891 obtained that if A is diagonal and its eigenvalues do not satisfy any
resonant conditions, then system (2) does not have analytic first integrals in a neighbourhood
of 0. In 1996 Furta [8] provided an elementary proof of this result. Recently, Kwek et al [13]
generalized this result to the case that system (2) has m (m < n) functionally independent
analytic first integrals, and that A is diagonalizable and its eigenvalues satisfy exactly m
linearly independent resonant relations. Li e al [14] extended the Poincaré result to the case
that an eigenvalue of the matrix A is zero and the other eigenvalues are non-resonant. In this
paper we will generalize these results.

Let U C C" be an open connected subset. A non-constant analytic function H : U — C
is called an analytic first integral of system (1) in U if and only if along every solution curve

OH . . dOH .
< o ,F(x)> =0 ie. ;‘ F:(x) — 0 inU (3)
where (-, -) denotes the Euclidean inner product of vectors in C". If H (x) is a formal series in
x and satisfies (3), then H (x) is called a formal first integral of system (1) in a neighbourhood
of the singularity x = 0. Obviously, if a formal first integral is convergent, it is an analytic
first integral. In what follows, we require, without loss of generality, that all mentioned
first integrals do not have constant terms. We say that first integrals of system (1) in U are
independentif the rank of their Jacobian matrix in U is equal to the number of the first integrals.
Let Ay, ..., A, be the eigenvalues of the matrix A. We say that the n eigenvalues satisfy
a resonant condition if there exist s € {1,...,n} and ky, ..., k, € Z* = N U {0} with
Z;’zl k; > 1 such that A, = Z;’zl k; A;, where N denotes the set of natural numbers. Set

g:{(kl,...,kn);Zk,-Ai=O,k,~eZ+,i=1,...,n}

i=1

g/={(kz,...,kn);Zk,-A,-=O,k,~eZ+,i=2,...,n}.

i=2

We say that Ay, ..., A, satisfy a resonant relation if )";_, kir; = 0 with k; € Z* and
S0k > .
Our first result is the following:

Theorem 1. Assume that system (2) is analytic and has m (m < n) nontrivial locally analytic
first integrals ®(x), ..., ®,,(X) in a neighbourhood of the singularity x = 0. If the m first
integrals are independent and the linear space generated from G has dimension m, then any
nontrivial analytic first integral of system (2) is an analytic function in ®1(X), ..., ©,,(X).

We note that if m = n — 1, system (2) is completely integrable in a neighbourhood of
x = 0. Consequently, all the solution curves are given by {®;(x) = c¢;}N---N{D,, (X) = ¢},
where ¢y, ..., ¢, are suitable constants.

We remark that this result generalizes theorem A of [13] because we do not need the
condition that A is diagonalizable, which is required in theorem A of [13]. In addition, our
proof is much simpler than that given in [13]. We note that theorem 1 is also correct if we
change analytic in theorem 1 into formal.

The following simple example provides an application of theorem 1:

Example 1. Consider the following system:

=0 y=0 Z=ax+by+cz+ f(x,y,2) (4)
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where f is an analytic function and f = O(||(x, y, z)||*). Obviously, H; = x and H, = y
are two analytic first integrals of the last system, and they are independent. We know that the
eigenvalues of the linear part of the system are A; = 0, A, = 0 and A3 = c. If ¢ # 0, the space
of solutions (ky, k2, k3) of the linear equation ki A + koXy + kshs = 0 has dimension 2. It is
easy to check that any analytic first integral of (4) is an analytic function in H; and H>, i.e. x
and y.

This example shows that the conditions of theorem 1 are sufficient, but not necessary.
Our next result is an extension of theorem 1 in [14].

Theorem 2. Assume that system (2) is analytic and has m (m < n — 1) nontrivial independent
analytic first integrals ®,(x), ..., ®,,(X) in a neighbourhood of the singularity x = 0, and
that Ay is a zero eigenvalue and the linear space generated by G' has dimension m. If
the eigenspace associated with Ay is tangent to the (n — m)-dimensional surface formed by
S={®;x) =0}N---N{D,,(x) = 0}, then the following statements hold:

(a) Form < n — 2, system (2) has a formal first integral in a neighbourhood of x = 0 which
is a formal series of the form

H(x)= Y hx)P] (x)... Py (x) Q)
Is|=1
with hs(x) not all constants fors = (s, ..., sn) € N)" and |s| = s; +-- - +5,,, if and

only if the singularities of system (2) form a surface which is transverse to S and passes
through the origin x = 0.

(b) For m = n — 2, system (2) has an analytic first integral in a neighbourhood of x = 0
which is an analytic function of form (5) with hs(x) not all constants fors € (NY)™, if and
only if the singularities of system (2) form a surface which is transverse to S and passes
through the origin x = 0.

The following example provides an application of the last theorem:

Example 2. Consider the following analytic system:

3

F=yz—xz+x>—x%y y=0 ;=z—x° (6)

The eigenvalues of the system at the origin are Ay = 0, A, = 0 and A3 = 1. The space of
solutions (k», k3) of the linear equation kA, + k3A3 = 0 has dimension 1. The eigenspace
corresponding to A; is tangent to the plane y = 0. The parabolic cylinder z = x? is full of the
singularities of system (6), and it is transverse to the invariant plane y = 0. Consequently, it
follows from theorem 2 that the system has an analytic first integral in a neighbourhood of the
singularity 0. In fact, we also can get the result from the fact that system (6) has the same first
integral as that of the following system:

X=y—x y=0 z=1.
The latter is regular at the origin.

Our following result is an extension of theorem B in [13]. System (1) is said to be
quasi-homogeneous of degree [ with exponents sy, ..., s, € Z\{0} and [ € N\{1}, if for any
o € R* and x € C" we have that pPSF(x) = (p! ™' Fy, ..., p' ™ F,) is quasi-homogeneous
of degree /, i.e.

Fi(p"'x1, p2X2, ..., px) = P Fi (g, xa, LX) i=1,2,...,n (7
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where p¥~8 = diag(p'™, ..., p!™*), E the unit matrix and S = diag(s;, ..., s,). We call
s; +1 — 1 the weight degree of F;, and (s1, ..., s,) the weight exponents. System (1) is called
semi-quasi-homogeneous of degree [ with the weight exponents (s, .. ., s,) if

F(x) = F;(x) + F(x) (8)

with pE~SF, the vector-valued quasi-homogeneous polynomial of degree [ and pE~SF(x) the
sum of vector-valued quasi-homogeneous polynomials of degree all larger than / or all less than
[. In the former (respectively, latter), system (1) is called positively (respectively, negatively)
semi-quasi-homogeneous. F;(x) is called the first quasi-homogeneous term of F(x) associated
with the weight exponents (sy, . . ., s,). Let H be an analytic or a formal first integral of system
(1) with F being of type (8) associated with the weight exponents (s, ..., s,). According to
this weight exponent we can rewrite H as H = I-im + H, where H,, is the quasi-homogeneous
component of H with weight degree m, and H is the summation of quasi-homogeneous
polynomials of weight degree all larger than m or all less than m depending on system (1)
positively or negatively. Then the first quasi-homogeneous term H,, of H is a first integral of
x = F;(x). Every non-zero solution ¢ of the algebraic system

Fi(c)+Wec=0 )

is called a balance associated with system (1) with F being of form (8), where W = S/({ —1).
The matrix K = DF,(¢) + W is the so-called Kowalevskaya matrix, where DF;(c) is the
Jacobian matrix of F; at x = ¢. We call the eigenvalues of K the Kowalevskaya exponents.

Theorem 3. Assume that system (1) is semi-quasi-homogeneous of degree | associated with
the weight exponents (sy, ..., s,) having F being of type (8), and that it has m (m < n — 1)
nontrivial analytic first integrals ®(x), ..., ®,,(x) in a neighbourhood of the singularity
x = 0. Denote by <I>l1 x),..., ben (X) the first quasi-homogeneous terms of ®1(x), ..., D, (X)
respectively. Moreover, we suppose that the following conditions hold:

(i) There exists a balance € such that the corresponding Kowalevskaya exponents Ay, . .., Ay,
satisfy the conditions: Ay = 0, and the set G of the vectors (ka, ..., k,) satisfying the
conditions

D ki =0 > ki #0 and ki €Zt i=2,....n
=2 =2

has the rank m.

(ii) The eigenspace corresponding to A is tangent to the manifold given by S = {<I>Zl x) = O}
N0l =0).

(iii) d>11 x),..., <I>fn (x) are independent at the balance €.

Then if the balance € is an isolated solution of (9), any first integral (analytic or formal series)
of system (1) in a neighbourhood of the singularity 0 is an analytic function or a formal series
in ®1(x), ..., D, (x).

This paper is organized as follows. In section 2 we recall some elementary tools for

proving our results. In sections 3 and 4 we prove theorems 1 and 2, respectively. The proof of
theorem 3 is given in section 5. A conclusion is stated in the last section

2. Elementary tools

In the proof of our main results, we need the following lemma (for a proof, see [14]):
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Lemma 4. Let A be an n x n matrix, and let My, Ay, ..., A, be its eigenvalues. Let ©y, be the
linear space formed by the homogeneous polynomials of degree k withk > 1in Clxy, ..., x,],
the ring of complex polynomials in the variables x = (x1, X2, ..., X,). We define a linear

operator from Oy into itself given by

oh
Lh)(x) = <8—X,Ax>

for h € Oy. Then the set of eigenvalues of L is Q = {Z?:l kiriski € 2%, Y0 ki = k}.

The following classical theorem will be used in the proof of theorem 2 (see for instance,
[1,2,5]):

Poincaré-Dulac theorem. If F(x) = Ax + - - - is a formal series and A is a Jordan normal
matrix, then system (1) can be reduced to the canonical form

y=Ay+w(y) (10)
by means of a formal change of variables X =y + - - -, where w(y) = (wi(y), ..., w,(y)) and
all monomials y™ = y{"', ...,y in the series w;(y) for all i are resonant in the sense that
Ai = (m, Ay with |m| > 2, where A = (A, ..., \,) are eigenvalues of A, m = (my, ..., m,)

and |m| = Y""_ m;.

3. Proof of theorem 1

Since @ (x), ..., ®,(x) are independent, we can take the change of variables
V= ®i(x1, ..., x) i=1,...,m
Yms1
: = Mx
Vi

with M an (n — m) x n matrix such that the Jacobian matrix of the transformation is non-zero
at x = 0. Then under this transformation, system (2) becomes

Y.=0  ¥,_, =By+g® (11)
where ¥, = 31, F)s Voo = Gsts - 9, = F0 Vo), Bris an (2 — m) x n
matrix, and g(y) an vector-valued analytic function in 'y with g(y) = O(|lyl*»). From the
assumption of the theorem, it follows that the matrix B has an n — m square submatrix such

that its eigenvalues do not satisfy any resonant relations. Hence, we can take an invertible
linear transformation such that (11) has the following form:

y;’n =0 Ynfm = Bynfm + g(Y) (12)
where vy, = 1,3 Ym)s Yoem = Omsls---, Yn), B is an n — m square matrix and
g(y) = O(|ly||>). Now the n — m eigenvalues of B do not satisfy any resonant relations.

From the construction of system (12) we know that system (2) has an analytic first integral
in ®,..., ®, if and only if system (12) has an analytic first integral in y;, ..., y,;. Soin
what follows, we will give the proof for system (12).

Assume that H (y) is an analytic first integral of system (12) in a neighbourhood of y = 0.
Without loss of generality we can write H (y) in the following form:

H@y) =) as(yun)y,, (13)

Is|=0
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where ag(y,—»,) are analytic functions in y,_,.y5, = y'...y&n,s; € Z* and [s| =
sy + -+ - +5,. From the definition of first integrals we get that

<8H ¥
0Yn—m

s BY,p + g(Y)> =0.

Comparing the terms with y? gives

a n—m
Yn-m

Generally, we can set ag(Y,—m) = co+ Cck (Yn—m) +0(¥n—m), Where ¢ (Y,—n) is a homogeneous
polynomial of degree k in y,,_,,, and o(y,—,,) denotes the summation of terms in y,_,, with
degree larger than k. Hence, we have

8Ck(yn7m) . B nm>

0Yn—m

Lolee](Yn—m) = < = 0.
Since the eigenvalues of B do not satisfy any resonant relations, it follows from lemma 4
that the linear operator L, is invertible. Therefore, we have c;(y,—») = 0. This means that
ao(yn—m) 1s a constant.

By induction we can prove that all the as(y,—,,) in (13) are constants. So, H (y) depends
on y, only. Consequently, if system (2) has an analytic first integral, it must be an analytic
function in @, ..., ®,. This proves the theorem.

4. Proof of theorem 2

We first prove statement (a). Since A is a zero eigenvalue, there exists an invertible matrix M

such that
0 011—1
A*=M'AM = ”
<031 B )

is a Jordan normal form of the matrix A, where 0,,_; is a line zero vector of dimensionn — 1, T

denotes the transpose of a matrix, and B is an n — 1 square matrix. Applying the change of
variables y = M~'x to system (2) we get the following equivalent system:

y =A%y +q(y). (14)

Consequently, system (14) has the first integrals ®7(y) = ®1(My), ..., @} (y) = ,,(My).
We make the following analytic change of variables:

Y1
=My v, =®F . (y) i=n—m+1,...,n

1—n+m
yVl*"‘l

with M’ an (n —m) x n matrix, such that the Jacobian matrix of the transformation is invertible
aty = 0, and that system (14) has the following form:

- 0 0)1—1 — — -
Y = <03_1 B )y1 +q(y) y,=0 (15)

where §; = (Fy. ... F) ¥ = Guopets -+ ). ¥ = F1.¥2). Bis ann —m — 1 square
matrix and q(y) a vector-valued function of dimension n — m with q(y) = O(||[y||*). Let
U2y s My—m be the n —m — 1 eigenvalues of the matrix B. Since we assume that the
n — 1 eigenvalues X;, ..., A, of A satisfy exactly m resonant relations, it follows from the
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transformation, changing (2) into (15), that the n — m — 1 eigenvalues u, ..., iy—n do not
satisfy any resonant relations.

We note that system (1) has a C” first integral in a neighbourhood of the singularity x = 0
if and only if system (15) has a C” first integral in a neighbourhood of the singularity y = 0.
So, in the following we prove our results for system (15).

The Poincaré—Dulac theorem implies that there exists a formal series y = z + - - - such
that system (15) can be reduced to the following canonical form:

21 = hi(z1, 22, 23) 7, = Bz + (21, 22, 23) 23=0 (16)
Where 7z = (Zla Z25 Z3)5 ZZ = (Z25 M Zn—m)’ Z3 = (Zn—m+la MR Zn) = y2 and h2 =
(ha, ..., h,_,) are vector-valued functions of dimension n — m — 1. The series h; and

h, start with the terms of degree at least 2. All monomials in the series /#; and h;, are resonant
in z; and z, with coefficients of functions in z3.

From the definition of resonant monomials z]f‘, ...,zﬁ"j,’:l and the Poincaré—Dulac
theorem, we obtain that 0 = Ay = (k,A) = Y )" kjj;, where k = (ki, ..., ky—») and
A= (A, U2, ..., Up—m). This condition is equivalent to k, = --- = k,_,, = 0, because
U2y -y y—m do not satisfy any resonant relations. So hy(zy,22,23) = hi(z1,23), in

which the term of the lowest order has degree at least 2. Similarly, we can prove that
hy(z1,0, -1,23) = 0.

We first prove the ‘only if” part. It is easy to prove that system (15) has a formal first
integral in the neighbourhood of y = 0 if and only if system (16) has a formal first integral in
a neighbourhood of z = (. By the assumption we can assume that system (16) has a formal
first integral H (zi, Z2, Z3) and that H has the form

o0
H(z1,22,23) = H\(21, 1) + Hy(21. 22, 23) HiGzi,22) =) ai(2)7]
i=0
where a;(z,) are formal series in z, and H»(z;, Z>, 03) = 0. Let

o
hy(z1, 22, 23) = Z bi(z>, 23)z}
i=0
where b; (z,, z3) are vector-valued formal series in z; of dimension n —m — 1 with coefficients
of functions in z3, and by (25, z3) has degree at least 2 in z,. From the definition of first integrals
we obtain that

= . ; 0H. > aai Z : 0H. ad .
(Z ia; ()2} " + ylz) hi(z1,23) + <Z 8222)2’1 + 22 Bz, + Zb,-(zz, z3)z’1> =0.

i=1 i=0 922 i=0

a7
On the (n — m)-dimensional plane z; = 0, equating the constant terms in z; yields

<3ao(22)
aZZ

y BZ2 + b0(22)> =0.

Letag(zy) = co+cr(z2) + O (k+1), where ¢ is a constant, ¢ (z) is a homogeneous polynomial
of degree k in z, with k > 1, and O (k + 1) denotes the summation of terms in z, with degree
larger than k. Substituting ag(z;) into the above equality, we get (dcx(z2)/0z2, Bz,) = 0,
because the lowest degree of the terms in by (z,) is larger than 1. So, from lemma 4 and working
in a similar way to the proof of theorem 1 we can prove that cx(z,) = 0. Consequently, ao(z>)
is a constant.

By induction we can prove that all a;(z;) are constants for i = 1,2,.... Hence,
H\(z1,2,) = Hy(z1). It follows from (17) that either H,(z1, z,) = 0 or h(z1, 03) = 0.
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If h1(z1,03) £ 0 then H(z1, 22, 03) = Hi(z1,22) = 0. We have H = H,(z1, 2, 23). Set
H>(z1,20,73) = Zr:f:l 8s(z1,22)25, where z§ = 2! | .| ...z3" and |s| = s1 + - - - + 5. Since
the first integral H = H, satisfies

@hl(m, z3) + <@ Bz + hy(z1, 22, Zz)> =0

071 022
hy and h; have the lowest degrees larger than 1, and /;(z;, 03) = 0, by induction and working
in similar way to the previous proof we can get that all g¢(z;, Z;) = constant. This means
that the first integral H = H»(z;, z2, Z3) of system (16) is a formal series in z3 only in a
neighbourhood of the singularity 0. It is in contradiction with the assumption.

Now, we suppose that /11(z1, Z2, 03) = h(z1, 03) = 0. By selecting a sufficiently higher
cut of the formal series transformation in the Poincaré—Dulac theorem, and working in a similar
way to the proof of lemma 6 in [14], we can prove that the singularity x = 0 of system (2) on
the (n — m)-dimensional analytic manifold S is not isolated if and only if /(z;, Z», 03) = 0.
So, we have proved the ‘only if” part of statement (a).

Using the statement of the last paragraph, we can get also the proof of the ‘if” part of
statement (a).

Proof of statement (b). From statement (a) it follows easily that the ‘only if” part holds. We
now prove the ‘if” part.

Working in a similar way to the proof of statement (a), we only need to consider system
(15). The condition n — m = 2 means that the matrix B = pu,. Since the singularity y = 0
of system (15) on the two-dimensional plane (y;, ) is not isolated, there exists a sufficiently
small neighbourhood U of 0 such that the equation 2y, + ¢,(y) = 0 has a unique solution
Y2 =G, ¥y and g,(y,, G(5},02)) = 0.

Applying the change of variables

71 =Y, 2=Y,-G0,Y) =Y, (18)

to system (15), we get the following system:
21 = p1(21, 22, 23)22 + f1(21, 22, 23) 22 = p2(21, 22, 23)22 + f2(21, 22, 23) z3=0
(19)

with pz(o, O, 03) = U2 75 0, ﬁ(Zl, 22, 03) = O, i = l, 2. ObViously, Pi, P2, fl and f2 are
analytic in a neighbourhood of the origin. Moreover, on the plane zz = 0 system (19) and the
system

z21 = p1(z1, 22, 23) 20 = pa(21, 22, 23) 23=0 (20

have the same first integrals. Since system (20) is regular at the origin of the plane z3 = 0,
by the box flow theorem it has an analytic first integral on the plane z; = 0 in a sufficiently
small neighbourhood of the origin. Hence, system (19) has also an analytic first integral on
the plane z; = 0 in the corresponding neighbourhood of (0, 0, 03).

From the assumption of the theorem, i.e. the surface formed by the singularities of
system (2) is transverse to S, and passes through the origin, it follows that the singularities
of (19) form a surface, denoted by §’, transverse to the plane z; = 05;. Hence, there exists a
neighbourhood V of z = 0 such that for each ¢3 # 03 with ||c3]| sufficiently small, the curve
S'MN{z3 = ¢3}NV onthe invariant plane {z3 = c3} is formed by the singularities of system (19).
Working in a similar way to the proof of the last paragraph we can prove that system (19) has
an analytic first integral in {z3 = ¢3} N V. Therefore, by continuity of solutions and Hartog’s
theorem [11] we obtain that system (19) has an analytic first integral in a neighbourhood of
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z = (0, which consists of z3 and at least one of z; and z,. Since the transformation (18) is an
analytic diffeomorphism, system (15) has an analytic first integral of the form

H* =" Cy(y) (P1My))" ... (¥}, (My))™
[s|=1

with Cs not all constants. This completes the proof of statement (b). We have finished the
proof of the theorem.

5. Proof of theorem 3

Since system (1) is semi-quasi-homogeneous of degree / with exponents sy, .. ., s, having F
of form (8), under the transformation

X —> psx t —> p’(l’l)t pS = diag(p"', ..., p™) 201
system (1) becomes
x=F;(x)+F(x, p) (22)

where f(x, p) is a vector-valued formal series with respect to p or p~! according that the

system is positively or negatively semi-quasi-homogeneous. We note that if H (x) is a first
integral of system (1), then so is p* H (x) for k € Z. Using the transformation (21) we can
get a first integral H (pSx) of system (22). We assume that the first integral H (x) under the
change (21) has the form

H(x, p) = H(X) + pHy1 (X) + p* Hri(X) + -+ -
or
H(x,p)=HX) +p "H_1(X)+p *H_(X) +- -

depending on system (1) is positively or negatively semi-quasi-homogeneous respectively,
where H;(x) = 0 for j < 0, and Hj(,osx) = pl Hj(x) with j > 0. We call H,(x) the first
term of H (X, p).

If H(x) is a first integral of system (1), then from the expressions of F and H, and
the definition of first integrals we can obtain that H,(x) is a polynomial first integral of the
quasi-homogeneous cut of system (22):

x = F/(x). (23)
Using the change of variable x = t~W (€ + u), where ¢ satisfies F;(¢) + W¢ = 0, we get that
H,(x) =t"""VH, @€ +u) = H,(up, u)
where we select g = t~1/¢~1 as a new auxiliary variable. System (23) becomes

F@©

ta = Ku + F;(n) F,(u) = We+ F;(E+u) — 3
X

where K is the Kovalevskaya matrix associated with the balance c.
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Let r = logt. Then H, (ug, u) is a polynomial first integral of the system

1 _
M62_1—1u0 u = Ku + F;(u) (24)

where the prime denotes the derivative with respect to 7.

On the other hand, we can prove easily that the eigenvalues of the linear part of system
24)atup =0andu =0are Ag = —1/({ —1),A; =0, A,,...,X,. Since —1 is always a
Kowalevskaya exponent, let A, = —1. From the assumptions of the theorem we obtain that
the linear algebraic equation in A,, ..., A,

—ko+ (=1 kiki = (ko+ (I = Dk)ha + (L = 1) > kir; =0
i=2 i=3
withk; € Z", ko+ (I — 1) Z?:z ki # 0, has m-independent solutions. By the assumption,
equation Ku + F;(u) = F;(€ + u)+ W(E + u) = 0 has the isolated root u = 0, so the origin as
the singularity of system (24) is isolated. Hence, it follows from theorem 2 that the first integral
H,(up, u) of system (24) in a neighbourhood of the origin depends only on &4, ..., ®,,.

It is easy to know that any smooth function in @4, ..., ®,, is also a first integral of
(22). If H(x, p) is a first integral of system (22), and it depends not only on @y, ..., d,,
we can select a first integral ®(x, p) containing only @y, ..., ®,, of (22) such that the first
quasi-homogeneous term H of H(x, p) — ®(x, p) contains components depending not only
on ®;,i = 1,...,m. This is in contradiction with the argument of the last paragraph. This
proves the theorem.

6. Conclusion

In this section we summarize our main results and methods. In theorem 1 we generalize
theorem A given in [13] to the case that the matrix of the linear part of the system at a
singularity can be non-diagonalizable. The main method in our proof is to use the spectrum
of a linear operator on the linear space formed by the homogeneous polynomials of the same
degree.

Our second theorem extends the results given in theorem 1 of [14]. We give a necessary
and sufficient condition for a system with some analytic first integrals to have other first
integrals independent of the given first integrals. In the proof we combine the spectrum of
linear operators and the Poincaré—Dulac normal form.

Our theorem 3 provides an extension of theorem B given in [13]. In our results the
Kowalevskaya exponents independent of the given first integrals can be zero. The proof is to
combine the singular analysis and the methods given in the proof of theorems 1 and 2.
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